Our goal is to discover possible new 4-dimensional euclidean solutions (instantons) in fundamental SU (2) Yang-Mills-Higgs theory, with a constraint added to prevent collapse of the scale. We show that, most likely, there exists one particular new constrained instanton (I ⋆ ) with vanishing Pontryagin index. This is based on a topological argument that involves the construction of a non-contractible loop of 4-dimensional configurations with a certain upperbound on the action, which we establish numerically. We expect I ⋆ to be the lowest action non-trivial solution in the vacuum sector of the theory. There also exists a related static, but unstable, solution, the new sphaleron S ⋆ . Possible applications of I ⋆ to the electroweak interactions include the asymptotics of perturbation theory and the high-energy behaviour of the total cross-section.
We consider a Yang-Mills-Higgs theory with SU(2) gauge fields W and a single, complex Higgs doublet Φ. The euclidean action of this theory is
where which takes on integer values and is defined by
A simple scaling argument shows the absence of non-singular 4-dimensional classical solutions for the action (1) : any configuration can lower its action by collapse to a point. For this reason one introduces a constraint on the scale and later integrates over the corresponding collective coordinate ρ. A convenient way to implement the constraint is to require [4] 
where
is a field operator with canonical mass dimension d > 4.
With a Lagrange multiplierκ one then looks for the stationary points of
Concretely, we proceed as follows. First, we have to chose the constraint operator O d . The actual choice is irrelevant in the end, as long as we integrate, in the path integral, over the collective coordinate ρ (with the appropriate Jacobian). For purely technical reasons, to be explained later on, we have chosen to work with the operator
This procedure is entirely straightforward. The problem is to discover the solutions of the field equations from the constrained action (6) . Any such 4-dimensional euclidean solution will be called a "constrained instanton". 1 The prototypical constrained instanton is the solution of Belavin et al. and 't Hooft [2, 3] . We denote this basic instanton by I BPSTH , or I for short. Its fields are given by (using differential forms)
with x 2 ≡ x µ x µ ,x µ ≡ x µ /x and σ µ ≡ (1, iσ m ). The instanton has Pontryagin index Q I = 1. By reflection there is also an anti-instantonĪ, with equal action but opposite topological charge QĪ = −1. Only in the limit ρ, λ → 0, is it possible to find an analytical solution for the radial functions in the ansatz [2, 3] f I = x 2 x 2 + ρ 2
with a corresponding action
1 In pure Yang-Mills theory "instantons" are sometimes meant to refer exclusively to solutions of the first-order self-duality equations, which then solve the second-order field equations by the
In sect. 5.1 we will give some numerical results for the action at finite values of ρ and λ.
In this article we look for constrained instantons that are not related to the BPST instanton (|Q| = 1) [2] or other self-dual solutions (|Q| > 1) [5] of pure YangMills theory. In fact, our search is for solutions in the vacuum sector (Q = 0) of the constrained Yang-Mills-Higgs theory (6) . No such solutions are known at present.
Explicit construction of instantons in the vacuum sector of the constrained theory is not feasible at present. Instead, we present a topological argument for the possible existence of at least one such solution. This topological argument involves the construction of a suitable non-contractible loop (NCL) of 4-dimensional configurations of the fields W and Φ, starting and ending at the classical vacuum. In addition, we may hope to gain some insight into the structure of this solution, preliminary to an explicit construction of it.
The presence of non-contractible loops in configuration space implies, as Taubes [6] has shown in a somewhat different context, the existence of new solutions of the classical field equations. The intuitive idea is that by "shrinking" the NCL it gets "stuck" at a point in configuration space, which corresponds (or is close) to a stationary point of the action, i.e. a new solution of the field equations. Specifically, this is a mini-max procedure, where we take the maximum action on the NCL and try to minimize that action. It is essential for this topological argument that the euclidean actiondensity (6), with positive coupling constants λ and κ, is a positive semi-definite functional of the fields, or, in other words, that it is bounded from below. In mathematics this general subject is called Morse theory, which aims to relate the critical points of a functional to the topology of the function space on which the functional is defined. The method of finding these stationary points by a mini-max principle on non-contractible loops goes under the name of LjusternikSnirelman theory. References to the mathematical literature can be found in [6] .
For the case at hand there is, however, one obvious loophole in the argument.
It could be, namely, that the mini-max procedure leads to an approximate solution consisting of the BPSTH instanton solution I and anti-instantonĪ at infinite separation. In that case there would be no genuine new solution. Clearly, this possibility is ruled out if we are able to construct a particular NCL for which
where ω parametrizes the position along the loop. This upperbound on the actionprofile is a necessary condition for an existence proof of I ⋆ and the main goal of this article is to establish it.
In this section we present an ansatz for a non-contractible loop of configurations. We start with the basic ingredients that go into the construction, then give the details of the ansatz, and, finally, discuss the expected behaviour for the action over the loop.
The actual profile of the action over the NCL has to be determined numerically, these results will be presented in sect. 5.
Basic ingredients
The first step in the construction of the NCL is to give the structure of the fields at infinity (|x| → ∞). This will be based on a non-trivial mapping
where the first S 3 refers to the hypersphere at infinity, S 1 to the loop of configurations and SU(2) to the gauge group. The mapping should belong to the non-trivial homotopy class in π 4 (S 3 ) = Z 2 , so that, later on, we have a loop of configurations that is indeed non-contractible. A specific choice for the SU(2) matrixŨ is the
with a loopparameter ω ∈ [−π/2, +π/2]. The fields at infinity (pure gauge, of course) are given by
The second step is to extend these fields inwards. For this purpose we introduce two radial functionsf(x) andh(x), which approach 1 at infinity and vanish at the orgin, in order to ensure continuity. Also, we extend the range of the loop parameter ω to [−π, +π], and make it into a real loop, starting and ending at the same point, i.e.
the vacuum at ω = ±π. In this way we arrive at the following NCL of configurations
where the radial functionsf(x) andh(x) have the boundary conditions
The precise form of these radial functionsf (x) andh(x) is arbitrary in principle, but the mini-max idea is to optimize them at the maximum point (ω = 0) on the NCL. This is done by solving the variational equations forf(x) andh(x), that result from inserting the ansatz (16) with ω = 0 in the constrained action (6) and making variations δf and δh.
The NCL (16) is quite elegant, but not good enough for our purpose. The reason is that the actionprofile A(ω) has a maximum value A(0) definitely greater than 2A I .
Hence, the inequality (12) does not hold for the simplest possible NCL. This brings us to the third, and final, step in the construction of a suitable NCL. We start from the observation that there are really two "cores" in (14) , each of which resembles the (anti)instanton (Ī) I as given in (9) . The idea now is to separate these cores, in order to profit from the attraction of the long-range fields present in the theory, the The explicit construction of the NCL is somewhat involved and will given in the
Ansatz
The configurations of the NCL are given by
with the following SU(2) matrix
and notationŷ
Here D = D(ω) determines the core distance and Ω = Ω(ω) their relative isospin rotation Ia :
The functions f , h and g ± in (18, 19) are taken to be axial functions f (r, t), h(r, t) and g ± (r, t), with the following boundary conditions
and reflection symmetry
The Pontryagin index (2) vanishes for all configurations of the NCL, precisely because of this reflection symmetry of the ansatz. This completes the basic construction of the NCL. We remark that the only difference compared to our previous paper [1] is the presence of the functions g ± in the matrix U (19), but this change will turn out to be essential.
It remains to specify the four axial functions f (r, t), h(r, t) and g ± (r, t) that enter the ansatz. Just as for the simple NCL of the previous subsection, the mini-max procedure would be to insert the ansatz (18), for ω = 0 and D = d max , into the action (6) and solve the variational equations for f, h and g ± . This turns out to be prohibatively difficult and, instead, we make an explicit choice for g ± . As will be explained in the next subsection, we want the cores to become independent for large values of their separation D. This can be achieved by the following choice, for example,
with x 2 ± defined below (19) and the parameter values α = 4.0 and β = 1.5, obtained by trial and error. Here ρ I = ρ I (κ) is the scale for the BPSTH instanton I, see sect.
5.1 below. Having fixed the functions g ± , we can solve numerically the variational equations for f and h. We will do this for both ω = 0 and π/2, and for arbitrary values of the distance D. These solutions will be calledf (ω, D) andh(ω, D), where the dependence on the spatial coordinates r and t is implicit. In order to keep the variational equations as small as possible, we have chosen the constraint operator (5), and not, for example,
which would give significantly larger expressions. Furthermore, we set the constant c in the definition of the scale (7) to the value
in order to match the scale of the BPSTH instanton, which will be determined in sect. 5.1.
With the solutionsf (ω, D) andh(ω, D) in hand, we can, at last, specify the functions f and h that enter the ansatz (18) for the NCL 
Actionprofile
Our main interest lies in the actionprofile over the NCL. Here, we will give a general discussion of the possible behaviour, in order to prepare the way for the numerical results to be presented in sect. 5.
The profile of the constrained action over the NCL is essentially determined by the behaviour of the constrained action A(ω, D) for the solutionsf andh at ω = 0 or π/2. In fact,f andh solve the variational equations, so that the action attains its lowest value, within the ansatz, precisely for these functions. On physical grounds, So, the simplest behaviour we expect is the one sketched in fig. 1a . At this moment, we can also explain the need for the additional functions g ± in the ansatz (19). For g ± = 1, namely, there would be "tidal effects" from one core on the other, which decrease rather slowly with the distance D. If, instead, g + vanishes approximately near the t = +D/2, and g − near t = −D/2, the cores become independent faster As mentioned before, the actionprofile over the NCL is essentially determined by 
BPSTH instanton
We have solved numerically the variational equations for the radial functions f I (x) and h I (x), that result from inserting the BPSTH ansatz (9) into the constrained action (6) and making variations δf I and δh I . As explained in sect. 2, these solutionsf I andh I depend on the coupling constant κ of the constrained action A.
We determine the scale ρ of the instanton from ( for finite values of the scale ρ, the gauge fields are no longer self-dual.
The numerical results for the instanton I are relatively easy to obtain, as the variational equations forf I andh I are ordinary differential equations (ODEs).
These results will serve as a check on those of the NCL, to which we turn now.
Non-contractible loop
We have solved numerically the variational equations for the axial functions f (r, t)
and h(r, t), that result from inserting the ansatz of the NCL (18), for ω = 0 or π/2, into the constrained action (6) and making variations δf and δh. These variational equations consist of two coupled, non-linear partial differential equations (PDEs), solutionsf andh, we also determine the Yang-Mills-Higgs action A YMH and the scale ρ from the expressions (1) and (7), respectively, with the numerical value (24) for the constant c and the NCL configurations for W ⋆ and Φ ⋆ . As discussed in subsect. (Table 1 ). In fig. 3 we give the numerical results for the constrained action, normalized to its asymptotic value, for a relatively large value of the constraint coupling constant, namely κ = 1. Figure 4 shows the same results on an expanded scale. These numerical results seem to agree, for κ = 1, with the simple behaviour sketched in fig. 1a . In contrast, the results for κ = 10 fig. 4 is estimated to be less than 0.1%, which is about a factor of 10 better than the numerical accuracy of our previous results [1] . Second, the variational equations for f and h are solved by relaxation, which implies that the exact solution can have a somewhat lower action. In other words, the "dip" of the ω = 0 curve in fig. 4 can only get deeper. Third, and as is often the case with large numerical calculations, we beleive our results because they behave in the way we expect them to do. In 
The optimal maximum (ω = 0) configuration of the NCL gives, moreover, an approximation of the conjectured constrained instanton I ⋆ . This configuration leads to the following estimates for I
In fig. 6 we show the corresponding actiondensityã YMH (r, t) and Pontryagin-densitỹ q(r, t), averaged over the polar angle θ, see Appendix A. This shows that our configuration is still a very loose molecule and we expect the exact solution I ⋆ to be tighter and more cigar-like perhaps. But it is also clear, from fig. 4 especially, that the Yang-Mills cores are very hard and that d ⋆ , which is in essence the distance between the points of vanishing Higgs field, cannot be much smaller than the width (∼ 2 ρ ⋆ ) of the configuration.
We have constructed in this paper a non-contractible loop (NCL) with a maximum constrained action less than twice that of the BPSTH instanton, provided the length scale is fixed at a large enough value. This was established for the case of vanishing
Higgs mass M H = 0. We expect it to be possible to extend the result to all values
Note that in the full electroweak theory there is also the photon field, which can provide the necessary attraction if the Higgs field becomes too short of range. As it stands, this upperbound on the actionprofile over the NCL is only a necessary condition in an eventual existence proof. Still, we are optimistic about the existence of I ⋆ in SU(2) Yang-Mills-Higgs theory. There exist, of course, analogous static solutions (sphalerons) in Yang-Mills-Higgs theory [6, 7, 8] , but there are also encouraging results on instantons in pure Yang-Mills theory, which we will now discuss.
There has been a long-standing conjecture [9] , based on the analogy with harmonic maps from S 2 to S 2 , that all solutions in euclidean SU(2) Yang-Mills theory over S 4 are necessarily self-dual or anti-self-dual (W µν = ± 1 2 ǫ µνκλ W κλ ). In the vacuum sector, in particular, there would be no other solutions besides the classical vacuum itself. This conjecture has been proven false recently. In fact, Sibner et al. [10] showed the existence of infinitely many non-self-dual solutions in the vacuum sector, with an action
for integers m ≥ 2 and ∆A YM < 0, which, most likely, depends on m also. Later, several solutions were constructed explicitely by Sadun and Segert [11] . The existence proof of Sibner et al. [10] goes by a mini-max procedure over non-contractible loops, where an important ingredient is the inequality contained in (28), which is analogous to ours (12) . The other main ingredient is an equivariant weak compactness theorem, where equivariant refers to an U(1) symmetry of their ansatz.
The integer m, which appears in (28), labels the embedding in SU(2) of this U (1) symmetry (rotation angle γ ∈ [0, 2π]), namely by the matrix exp[mγσ 3 /(2i)] for the value) can be embedded in the larger Higgs representation. An example is SU(3)
Yang-Mills-Higgs theory with a complex triplet of Higgs. The embedding is then given by
where the crosses indicate, symbolically, the SU(2) solution. Note that these embeddings can lead to unexpected solutions of the field equations, since the larger theory may not even have non-contractible loops (π 4 (G) = 1, as is the case for G = SU(3), for example). The NCL was a tool to find the SU (2) solution, but once we have found the solution, we can forget about the NCL and simply verify the fact that the ansatz solves the field equations, which is then carried over to the larger theory. It is well-known [13, 14] that such stationary points (and vacuum instability, in general) can play a role in the asymptotics of perturbation theory. Furthermore, this new stationary point could contribute directly to the euclidean path integrals of certain forward elastic scattering amplitudes, which control the total cross-sections for the corresponding processes. In our previous paper [1] we have shown that this contribution, evaluated classically 2 , suddenly becomes important as the parton center-of-mass energy √ s increases. In fact, this threshold energy is determined by the structure of the I ⋆ solution, and from our approximation of that solution we
where we have used the definition
which is close to the true value 3.04 M W /α w for the sphaleron energy at λ = 0. With the numerical estimates given in (27) we find, not unexpectedly perhaps, that the threshold in the parton center-of-mass energy is of the order of E S ∼ 10 TeV. We intend to discuss the applications of I ⋆ in a separate publication.
We decribe in this appendix the algebraic and numerical calculations for the results reported in sect. 5. These calculations are straightforward, but cumbersome. Hence, we will give the main points only and leave many technical details out. In the first part of this appendix, we review the algebraic calculation of the actiondensity for our ansatz. In the second part, we discuss the numerical solution of the variational equations from this actiondensity.
A1 : Algebraic calculation
The main algebraic calculation consists of two steps. The first step is to insert the ansatz for the NCL into the constrained action. We use axial coordinates
x 2 ≡ ρ cos φ ≡ r sin θ cos φ ,
and make all distances dimensionless with M −1 W . The total constrained action (6) for the ansatz (18) takes the form
with a rotationally invariant actiondensity
As a matter of fact, it is already clear from the ansatz (18, 19) that a rotation of (x 1 , x 2 ) can be compensated by a global gauge transformation.
The second step is to perform two of the integrals in the action (A.2). The one over the azimuthal angle φ is trivial, of course. The integral over the polar angle θ can also be performed, since the functions f, h and g ± depend, by construction, on r and t only. In addition, we have the reflection symmetry t → −t, so that the final expression of the constrained action for our ansatz takes the form
The averaged actiondensityã =ã(r, t) has the following structure
where ∂ r and ∂ t denote partial derivatives with respect to r and t. The eight coefficients Z are complicated rational functions of the variables r and t, together with the functions g ± (r, t) and their various partial derivatives. These coefficients depend also on the loop parameter ω. With some further effort, (A.5) can be put in manifestly positive definite form. We have used the symbolic manipulation program FORM [16] for the algebraic calculation of the actiondensity (A.5).
A2 : Numerical calculation
We now have to solve numerically the variational equations from the action (A.4).
We proceed in three steps. The first step is to compactify the coordinates r and t to the variables x and y, respectively. Since we are interested in the long-range behaviour of the Higgs field, we choose for y(t) a rather slow dependence on t,
and similarly for x(r). Furthermore, we let t c correspond to the core position t c = D/2 and set, typically, r c = ρ I and r scale = t scale = 2 ρ I , where ρ I = ρ I (κ) is the scale of the instanton I, see sect. 5.1. It is straightforward to make these changes of variables in the action (A.4), and we write the result as
with the Jacobians absorbed intoâ =â(x, y). We look for the two functions f (x, y) and h(x, y) that minimize this action, with mixed Dirichlet and Neumann boundary conditions as indicated in fig. 7 .
The second step is to discretize the integral (A.7). We use a rectangular grid for
x and y x = i∆x i = 0, . . . , I y = j∆y j = 0, . . . , J (A. 8) and write for the functions at the lattice points
Furthermore, we use central differences for the partial derivatives of f and h, for
The resulting discretized action is, however, numerically unstable : minimization leads to functions f i,j and h i,j that take on alternating values of approximately 0 and 1. We have chosen to employ the following two countermeasures. First, we "double" the boundary conditions at infinity, namely 11) and similarly for f . Second, we "smear" the constraint termâ C (x, y) in the actiondensity. Specifically, we take for the first term inâ C , cf. (A.5), 12) and similarly for the other terms. In this way we end up with a discretized actiondensityā i,j at the gridpoint (i, j). For the total constrained action we have
Appendix B : Non-contractible sphere
We consider in this appendix static, 3-dimensional configurations of the gauge field W and the Higgs field Φ. The energy functional for these fields is
with the same notation as in (1) . Henceforth, we set the quartic Higgs coupling constant λ = 0 and, for brevity, refer to E YMH as E.
It is well-known, by now, that a non-contractible loop (NCL) of static configurations leads to the existence of a static, but unstable, classical solution, the sphaleron S [7, 8] . It is not difficult to construct also a non-contractible sphere (NCS) of static configurations [12] . A mini-max procedure over this NCS suggests the possible existence of a new sphaleron S ⋆ , provided we exclude the case of two sphalerons S at infinite separation. This loophole is closed if we are able to construct a NCS, for
where µ and ν parametrize the position on the sphere. Evidently, this discussion parallels the one for the new instanton I ⋆ in the main part of this paper. Moreover, the ansatz of sect. 4 can easily be adapted to the present case. We will simply state the resulting ansatz for the NCS and give our numerical results, which establish the important inequality (B.2). These explicit results support the somewhat heuristic arguments given in our previous paper [12] .
The NCS is parametrized by the square µ, ν ∈ [−π, +π], with the boundary |µ| = π or |ν| = π corresponding to the classical vacuum. Writing [µν] ≡ max(|µ|, |ν|), the configurations of the NCS are
with the following SU(2) matrix U for µ, ν ∈ [−π/2, +π/2]
and notation
The core distance D = D(ν) is given by π/2 < |ν| ≤ π : 
For g ± (ρ, z) we take again the functions (23), with the same coefficients α and β,
and where x ± is now defined by (B.5). It remains to specify the two axial functions f and h. We will give two alternative constructions, both of which lead to the desired inequality (B.2).
The first construction for the functions f and h in the ansatz (B. 
This construction leads to a smooth energy surface over the NCS, shown in fig.   9 for one particular set of parameters. The energy surface over the NCS is, by construction, invariant under (µ, ν) → (−µ, −ν). Again, the maximum energy over the NCS is reached at µ = ν = 0 and its value ( 1.94 E S , for the parameters chosen in fig. 9 ) obeys the inequality (B.3).
To summarize, we have constructed in SU(2) Yang-Mills-Higgs theory noncontractible spheres of static configurations, with energies everywhere below 2 E S .
This suggests the existence of a new sphaleron S ⋆ . Furthermore, we have, for the case of vanishing Higgs mass, an approximation of that solution from the optimal maximum configuration on the NCS, with a core distance and energy given by (see fig. 8 )
where E S takes the numerical value 3.04 M W /α w . In fig. 10 we show the energy density of this configuration. Finally, we note that the 3-dimensional configuration (B.3) at µ = ν = 0 is essentially equivalent to the slice x 3 = 0 of the instanton configuration (18, 19) at ω = 0. It is in this sense that the new sphaleron S ⋆ corresponds to a constant time slice of the new instanton I ⋆ . Figure captions 
